Abstract. Let b(n) denote the number of cubic partition pairs of n. We give affirmative answer to a conjecture of Lin, namely, we prove that
Introduction and statement of results
In a series of papers [3, 4, 5] , Chan studied the cubic partition function a(n) with generating function given by ∞ n=0 a(n)q n = 1 (q; q) ∞ (q 2 ; q 2 ) ∞ , |q| < 1, where (a; q) ∞ := n≥0 (1−aq n ). The partition function a(n) satisfies many interesting congruences. For example, it satisfies the following Ramanujan-like congruence a(3n + 2) ≡ 0 (mod 3).
Inspired by Chan's work, Zhao and Zhong [19] studied the cubic partition pair function b(n) which is defined by Key words and phrases. Cubic partition pair; overcubic partition; overcubic partition pair; modular forms.
We are very grateful to Professor Ken Ono for careful reading of a draft of the manuscript. The first author acknowledges the financial support of Department of Atomic Energy, Government of India for supporting a part of this work under NBHM Fellowship.
where i = 2, 3, 4, 6. Recently, Lin [12] studied the arithmetic properties of b(n) modulo 27. He also conjectured the following four congruences:
In two recent papers, Lin, Wang, and Xia [13] and Chern [6] independently proved (1.2), (1.3) and (1.4). In both the articles, it was proved that the congruence (1.2) is in fact true modulo 729. Recently, Hirschhorn [8] also proved the congruence (1.2) modulo 729. However, to the best of our knowledge the congruence (1.1) has not been established till date.
In this paper, we prove that the Lin's conjecture (1.1) is true.
Theorem 1.1. For any non-negative integers n, we have
We have b(37) = 80832850 ≡ 0 (mod 7 3 ). Hence, unlike to Lin's conjecture (1.2), the congruence (1.1) is best possible in the sense that the moduli cannot be replaced by higher power of 7 such that the congruence holds for all n ≥ 0.
In [9] , Kim introduced a partition function b(n) whose generating function is given by
Kim named b(n) as the number of overcubic partition pairs of n. Using arithmetic properties of quadratic forms and modular forms, Kim [9] derived the following two congruences
In [11] , Lin proved two Ramanujan-like congruences and several infinite families of congruences modulo 3 satisfied by b(n). He also obtained some congruences for b(n) modulo 5.
In this paper, we prove the following two congruences modulo 256 satisfied by b(n). For any fixed positive integer k, Gordon and Ono [7] proved that the number of partitions of n into distinct parts is divisible by 2 k for almost all n. Bringmann and Lovejoy [2] showed that the number of overpartition pairs of n is divisible by 2 k for almost all n. In [14] , Lin proved that the number of overpartition pairs of n into odd parts is also divisible by 2 k for almost all n. In this article, we prove that the number of overcubic partition pairs of n is divisible by 2 k for almost all n.
In [10] , Kim studied the overpartion analog of cubic partition function. He defined the overcubic partition function a(n) whose generating function is given by
We also prove that the number of overcubic partitions of n is divisible by 2 k for almost all n.
2. Proof of Theorems 1.1 and 1.2
We define the following matrix groups:
For a positive integer N , let
where p is a prime divisor of N . We prove Theorems 1.1 and 1.2 using the approach developed in [16, 17] . We now recall some of the definitions and results from [16, 17] which will be used to prove our results. Also, see [18] . For a positive integer M , let R(M ) be the set of integer sequences r = (r δ ) δ|M indexed by the positive divisors of M . If r ∈ R(M ) and 1 = δ 1 < δ 2 < · · · < δ k = M are the positive divisors of M , we write r = (r δ1 , . . . , r δ k ). Define c r (n) by
The approach to proving congruences for c r (n) developed by Radu [16, 17] reduces the number of coefficients that one must check as compared with the classical method which uses Sturm's bound alone.
Let m be a positive integer. For any integer s, let [s] m denote the residue class of s in Z m := Z/mZ. Let Z * m be the set of all invertible elements in Z m . Let S m ⊆ Z m be the set of all squares in Z * m . For t ∈ {0, 1, . . . , m − 1} and r ∈ R(M ), we define a subset P m,r (t) ⊆ {0, 1, . . . , m − 1} by 
If the congruence c r (mn + t ′ ) ≡ 0 (mod u) holds for all t ′ ∈ P m,r (t) and 0 ≤ n ≤ ⌊ν⌋, then it holds for all t ′ ∈ P m,r (t) and n ≥ 0.
To apply the above lemma, we need the following result which gives us a complete set of representatives of the double coset in Γ 0 (N )\Γ/Γ ∞ . Proof of Theorem 1.1. We have
Using binomial theorem, we have
We choose (m, M, N, r, t) = (49, 14, 14, (47, −2, −7, 0), 37) and it is easy to verify that (m, M, N, r, t) ∈ ∆ * and P m,r (t) = {37}. By Lemma 2. 
Employing (2.2) into (1.5) and using the fact that (−q;
Extracting the terms containing 2n and then using (2.2), we obtain
Extracting the terms containing 2n + 1, we obtain, modulo 256
Finally, extracting the terms containing 2n, we obtain
Now, we choose (m, M, N, r, t) = (9, 8, 12, (10, 6, −4, 0), 5) and it is easy to verify that (m, M, N, r, t) ∈ ∆ * and P m,r (t) = {5, 8}. From Lemma 2.3 we know that 1 0 δ 1 : δ|12 forms a complete set of double coset representatives of Γ 0 (N )\Γ/Γ ∞ . Thus, by Lemma 2.2, we conclude that b(72n + t) ≡ 0 (mod 256) for any n ≥ 0, where t ∈ {42, 66}. This completes the proof of the theorem.
3. Proof of Theorems 1.3 and 1.4
Recall that the Dedekind's eta-function η(z) is defined by
where q := e 2πiz and z is in the upper half complex plane. A function f (z) is called an eta-quotient if it is of the form
where N is a positive integer and r δ is an integer. We now recall two theorems from [15, p. 18] which will be used to prove our result. 
Suppose that ℓ is a positive integer and that f (z) is an eta-quotient satisfying the conditions of the above theorem. If f (z) is holomorphic at all of the cups of (N ), χ) . We now use this fact for the eta-quotient B k defined by
From (1.5), we can rewrite B(q 24 ) as the following eta-quotient
. It is not hard to establish the fact that F k (z) ≡ 1 (mod 2 k ). Thus, and hence b(n) is a multiple of 2 k for almost all n and k ≥ 4. This also trivially implies that b(n) is a multiple of 2 k for almost all n and k < 4. This completes the proof of the Theorem 1.3.
We now prove Theorem 1.4. The generating function of a(n) is given by A(q) := ∞ n=0 a(n)q n = (−q; q) ∞ (−q 2 ; q 2 ) ∞ (q; q) ∞ (q 2 ; q 2 ) ∞ .
Let
A k (z) = η(48z)
η(24z) 2 η(96z) 2 k−1 −1 . Using Theorem 3.1, we find that A k (z) ∈ M 2 k−2 −1 (Γ 0 (768)) for k > 2. We also have A k (z) = A(z)F k (z) ≡ A(z) (mod 2 k ).
Following the proof of Theorem 1.3, we now readily arrive at the desired result. This recompletes the proof of Theorem 1.4.
